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Abstract—In this paper, we provide a distributed algorithm
to locate an arbitrary number of agents moving in a bounded
region. Assuming that each agent can estimate a noisy version of
its motion and the distances to the nodes in its communication
radius, we provide a simple linear update to find the locations
of an arbitrary number of mobile agents when they follow some
convexity in their deployment and motion, given at least one
anchor, agent with known location, is present in Rm . At each
iteration, agents update their location estimates as a convex
combination of the states of the neighbors, if they lie inside
their convex hull, and do not update otherwise. We abstract
the corresponding localization algorithm as a Linear TimeVarying (LTV) system, and using slice notation we show that
it asymptotically converges to the true locations of the agents.
We study the effects of noise on our localization algorithm, and
provide simulations to verify our analytical results.

I. I NTRODUCTION
Localization refers to a collection of algorithms that estimate the location of nodes in a network. Relevant applications
include robotics, traffic control, and environment monitoring. Localization algorithms can be broadly classified into
centralized and distributed approaches. Despite the benefits
of centralized algorithms such as higher accuracy, they are
impractical in large networks due to the limited power and
communication capabilities. On the other hand, distributed
localization techniques such as successive refinements, [1],
[2], probabilistic approaches, [3], multilateration, [4], [5], and
graph theoretical methods, [6], [7] are considered to be more
efficient and easier to implement in large scale networks.
In particular, in [8] a distributed localization (DILOC) algorithm based on the barycentric coordinates is provided.
DILOC requires all agents to lie inside the convex hull of
(at least) m + 1 anchors in Rm , m ≥ 1, i.e., to satisfy global
convexity. Since all agents may not be able to communicate
with the anchors, DILOC further assumes that each agent
has m + 1 neighbors such that it lies inside their convex hull,
i.e., each agent satisfies local convexity. All agents iteratively
update their location estimates as a linear-convex combination
of such m + 1 neighbors, and DILOC converges to the true
agent locations if local and global convexity assumptions are
satisfied at each agent. Indeed, DILOC requires somewhat
stringent deployment implied by satisfying the two convexity
conditions. In this context, Refs. [9], [10] extend DILOC by
providing a barycentric representation that does not require
convexity. The fundamental notion behind these barycentricbased methods, [8]–[11], is that the agents implement linear
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(not linearized) iterations that are guaranteed to converge
regardless of the initial conditions, unlike the nonlinear localization algorithms. In particular, DILOC can be abstracted
as a Linear Time-Invariant (LTI) system, which is stable under
the convexity conditions and thus forgets the initial conditions.
A related algorithm, [12], is developed for mobile agents,
which assumes that mobile agents satisfy both convexity
conditions at each time instant. However, in a mobile network
the agents may move inside and outside of the convex hull, and
it is highly unlikely that a network of mobile agents, [13], [14],
will follow any (local and/or global) convexity at all times.
Other localization algorithms specifically designed for mobile
networks have been proposed in [15]–[18], most of which
use Sequential Monte Carlo (SMC). Despite the simplicity in
implementation, SMC methods are time-consuming as they
need to continue sampling and filtering until enough samples
are obtained to represent the posterior distribution of a mobile
agent’s position.
In this paper, we consider localization of a mobile network,
assuming that each agent knows a noisy version of its motion
and its distances to the neighboring nodes (agents and/or
anchors). Similar to DILOC, we are interested in implementing
linear-convex, distributed iterations that converge to the true
locations regardless of the agents’ initial conditions. However,
the implementation and the stability analysis is more challenging for a mobile network, because: (i) the agents may move
inside and outside of the convex hull formed by the anchors,
hence global convexity may not be satisfied; (ii) local convexity
may not be satisfied at all times; (iii) the neighborhood at each
agent is dynamic, which results into a Linear Time-Varying
(LTV) system. As we will discuss in Section III, the resulting
LTV system comprises of system matrices that may be identity,
when no agent is able to satisfy local convexity; stochastic,
when an agent finds m + 1 neighboring agents passing local
convexity; or strictly sub-stochastic, when this neighborhood
includes at least one anchor. As a result, establishing the
asymptotic behavior of such an LTV system is non-trivial.
In order to deal with these issues, we propose a localization
algorithm for mobile networks, which can be described as
follows. Agent i needs m+1 nodes that satisfy local convexity
to linearly update its location estimate. At each iteration,
agent i uses the distances to test for local convexity, this
test is explained in Section II-A. If the test fails, the agent
continues to travel in the network and meets new nodes.
Eventually, the local convexity is satisfied and agent i updates
its location with respect to the nodes in the convex hull. Using
this approach, we show that agent locations are refined as
the procedure continues and the algorithm converges to the
true agent locations. To this aim, we partition the entire chain
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of system matrices into non-overlapping slices, and relate the
convergence of the network to the lengths of these slices.
The rest of this paper is organized as follows. In Section II,
we formulate the problem. We propose our localization algorithm that does not require either local or global convexity
in Section III. We then provide the convergence analysis in
Section IV, and study the effects of noise in Section V.
We present simulation results in Section VI, and finally,
Section VII concludes the paper.
II. P RELIMINARIES AND P ROBLEM FORMULATION
Consider a network of N mobile agents with unknown
locations, in the set Ω, and M anchors with known locations,
in the set κ, all located in Rm , m ≥ 1. Note that in most
localization algorithms m + 1 anchors are required to localize
an agent with unknown location in Rm , m ≥ 1. Let Θ = Ω∪κ
m
be the set of all nodes in the network, and xi∗
be
k ∈ R
an m-dimensional row vector that denotes the true location of
the i-th node, i ∈ Θ, at time k, where k ≥ 0 is the discretetime index. We assume that each agent is able to measure
its distance to the nearby nodes by using RSSI, ToA, TDoA,
or camera-based techniques, [19], [20]. The problem is to
estimate the locations of the mobile agents in the set Ω. We
now describe DILOC, which was originally introduced in [8].
A. DILOC
DILOC is a distributed localization algorithm, which coni∗
siders static networks, i.e., xi∗
k = x , ∀i ∈ Θ. It assumes
that each agent satisfies global convexity, i.e., it lies inside the
convex hull of m + 1 anchors, denoted by C(κ). It further
assumes that each agent, say i, satisfies local convexity, i.e.,
lies in the convex hull of a set of m + 1 neighbors, referred
to as a triangulation set, Θi . Using only inter-node distances
in any arbitrary dimension, m, a convex hull inclusion test is
X
i ∈ C(Θi ),
if
AΘi ∪{i}\j = AΘi ,
(1)
j∈Θi

in which AΘi denotes the m-dimensional volume of C(Θi ),
and can be computed by using the Cayley-Menger determinant, [8], [21], see Fig. 1.
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Fig. 1. R2 : (Left) Global convexity. (Right) Local convexity: Agent i lies
inside the triangulation set formed by agents, 4, 5 and 6; Red triangles
represent anchors.

The i-th sensor updates its location estimate, xik at time k,
according to the following linear-convex combination:
X AΘi ∪{i}\j j
X AΘi ∪{i}\j ∗
xik+1 =
xk +
xj , (2)
AΘi
AΘi
j∈Θi ∩Ω

j∈Θi ∩κ

where Θi is the triangulation set for sensor i ∈ Ω, and the
A i ∪{i}\j
coefficients, ΘA
, are the barycentric coordinates assoΘi
ciated to Möbius, [22]. Assuming non-trivial configurations,
i.e., Aκ 6= 0, AΘi 6= 0, ∀i ∈ Ω, it is shown in [8] that for any
initial conditions DILOC converges to the true sensor locations
if each sensor successfully finds a triangulation set.
B. Assumptions
In this paper, we adapt DILOC to deal with the challenges
in mobile networks, where the global and local convexity may
not be satisfied at all times. To this aim, we assume that the
true locations of the nodes evolve according to the following
random motion model
i∗
eik+1 ,
xi∗
k+1 = xk + x

i ∈ Θ,

(3)

eik is the true motion vector at time k such that each
where x
node, i ∈ Θ, remains in a bounded region of interest in Rm .
bik , of this
We assume that agent i measures a noisy version, x
motion:
bik = x
eik + nik ,
x

(4)

in which nik represents the measurement noise at time k. We
denote the distance between any two nodes, i and j, measured
at the time of communication, k, by deij
k , and we assume that
the distance measurement, dbij
,
at
agent
i is not perfect and
k
includes noise, i.e.,
ij
eij
dbij
k = dk + rk ,

(5)

rkij

where
is the noise in the distance measurement at time k.
We now enlist our assumptions:
A0: Anchor locations, xi∗
k , i ∈ κ, are perfectly known at all
times.
bik , of its
A1: Each agent, i ∈ Ω, knows a noisy version, x
i
ek , at all times, see Eq. (4).
motion, x
A2: Each agent, i ∈ Ω, obtains a noisy measurement, dbij
k , to
every node, j ∈ Θ, in its communication radius, r, at time k,
see Eq. (5).
Under the above assumptions, which are common in the
related literature, e.g., see [16], [18], we are interested in
finding the true locations of each agent without the presence
of any central coordinator1 .
In what follows, we first assume that the motion and
distance measurements are not effected by noise, i.e., nik = 0
and rkij = 0, in Eqs. (4) and (5). We then examine the
impact of noise in Section V, and provide modifications to
the algorithm to deal with the undesirable effects of noise.
III. D ISTRIBUTED L OCALIZATION A LGORITHM
Consider a network of N mobile agents and M anchors
in Rm . Let Ni (k) ⊆ Θ be the set of neighbors of agent, i ∈ Ω,
at time k. We now describe the localization algorithm. Each
agent starts with a random guess of its location estimate. At
each time k > 0 there are two different update scenarios for
any arbitrary agent, i: If 0 ≤ |Ni (k)| < m + 1, agent i does
1 Although our approach is applicable to arbitrary dimensions, m > 2, we
use R2 in the remainder of the paper for simplicity and ease of notation.
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not update its current location estimate. On the other hand,
if |Ni (k)| ≥ m + 1, agent i performs the inclusion test. If the
test is passed agent i applies the following location update:
X
eik+1 ,
xik+1 = αk xik + (1 − αk )
aij (k)xjk + x
(6)
j∈Θi (k)

in which Θi (k) is the triangulation set at time k, aij (k) is the
barycentric coordinate of node i with respect to the nodes j ∈
Θi (k), and αk is a design parameter such that

1,
∀k | Θi (k) = ∅,
αk =
(7)
∈ [β, 1) , ∀k | Θi (k) 6= ∅.
While Ni (k) = ∅ implies that node i has no neighbors at
time k, note that Θi (k) = ∅ implies that at time k no set
of neighbors meet the local convexity condition, i.e., agent i
can not find any triangulation set among the neighbors. By
separating the barycentric coordinates corresponding to the
neighboring agents and anchors, we can rewrite Eq. (6) as


X
xik+1 = αk xik + (1 − αk ) 
pij (k)xjk  ,
j∈Θi (k)∩Ω


+


X

(1 − αk ) 

+x
eik+1 ,
bim (k)um
k

pij , if j ∈ Θi (k) ∩ Ω,
bim , if m ∈ Θi (k) ∩ κ.

(9)

It can be inferred from Eq. (7) that the self-weight at each
agent is always lower bounded, i.e.,
0 < β ≤ pii (k) ≤ 1, ∀k, i ∈ Ω.

(10)

The above algorithm can be expressed in matrix form as
ek+1 ,
xk+1 = Pk xk + Bk uk + x

k > 0,

(11)

∀k, i ∈ Ω, m ∈ Θi (k) ∩ κ.

(12)

∀j ∈ Θi (k) ∩ κ,

(13)

Equivalently, we have
0 < α ≤ (Bk )ij ,

IV. D ISTRIBUTED M OBILE L OCALIZATION : A NALYSIS
We now provide a related result on the convergence of an
infinite product of (sub-) stochastic matrices, [23], that we will
use to study the convergence of Eq. (11).

Consider an LTV system: xk+1 = Pk xk , such that the timevarying system matrix, Pk , is random, and represents at most
one state update, say the i-th state, for any k, i.e., at most one
row, i, of Pk is different from identity. In addition, assume
the following on the update at time k:
B0: If the updating row, i, in Pk is stochastic,
0 < β1 ≤ (Pk )i,i ,

β1 ∈ R,

(14)

B1: If the updating row, i, in Pk is strictly sub-stochastic,
X
(Pk )i,j ≤ β2 < 1,
β2 ∈ R.
(15)
j

where xk is the vector of agent coordinates at time k, uk is the
ek+1 is the change
vector of anchor coordinates at time k, and x
in the location of agents at the beginning of the k-th iteration
according to the motion model. Also Pk , and Bk , the system
matrix and the input matrix of the above LTV system, contain
the barycentric coordinates with respect to the agents with
unknown locations, and anchors, respectively. Since anchors
play the role of the input in the above LTV system and inject
accurate information into the network, it is reasonable to set
a lower bound on the weights assigned to the anchor states.
To this aim, we make an additional assumption as follows.
A3: Anchor contribution. If an anchor is involved in an
update, i.e., for any bim (k) 6= 0, we assume that
0 < α ≤ bim (k),

Definition 2. A non-negative, strictly sub-stochastic matrix is
such that it has at least one row that sums to strictly less than
one and every other row sums to at most one.

A. Asymptotic stability of stochastic LTV systems

such that
aij =

Definition 1. A non-negative, stochastic matrix is such that
all of its rows sum to one.

(8)

m∈Θi (k)∩κ

(

and (13), the matrix of barycentric coordinates with respect
to agents with unknown locations, i.e., the system matrix at
time k, Pk , is either (i) identity, when no update occurs; or, (ii)
identity except a stochastic i-th row, when there is no anchor
in the triangulation set at time k, i.e., Θi (k) ∩ κ = ∅; or, (iii)
identity except a strictly sub-stochastic i-th row, when there
is at least one anchor in the triangulation set at time k.
In the next section, we provide sufficient conditions for
the iterative localization algorithm, Eq. (11), to converge to
the true agent locations. Before we proceed, let us make the
following definitions:

where (Bk )ij is the (i, j)-th element of the input matrix, Bk .
Note that with the lower bounds on both the self-weights
and the weights assigned to the anchors, according to Eqs. (10)

To investigate the asymptotic behavior of an LTV system
with such system matrices, we introduce the notion of a
slice, Mj , as the smallest product of consecutive system
matrices, such that each slice has a subunit infinity norm,
i.e., kMt k∞ < 1, ∀t, and the entire setQ
of systems
Qmatrices is
covered by non-overlapping slices, i.e., t Mt = k Pk . Each
slice is initiated by a strictly sub-stochastic system matrix,
and terminated after all rows become strictly sub-stochastic.
The length of a slice is defined as the number of matrices
forming the slice, and the upper bound on the infinity norm
of a slice is further related to the length of the slice [23].
Asymptotic behavior of the above LTV system is characterized
in the following theorem.
Theorem 1. With Assumptions B0-B1, the LTV system, xk+1 = Pk xk , converges to zero if for every i ∈ N,
there exists a set, J1 , of slices such that
!
−γ1
1 − e(−γ2 i )
1
ln
+ 1, (16)
∃Mj ∈ J1 : |Mj | ≤
ln (β1 )
1 − β2
for some γ1 ∈ [0, 1], γ2 > 0 and |Mj | < ∞, j ∈
/ J1 .
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The proof is available in our prior work, [23]. In what
follows we use the results of the above theorem to analyze
the convergence of Eq. (11).
B. Convergence Analysis
We start this section with the following lemma, which will
be used in the proof of the main theorem.
Lemma 1. Under Assumptions A0-A3 and no noise, the
product of system matrices, Pk ’s, in the LTV system, Eq. (11),
converges to zero if the condition in Theorem 1 holds.
Proof. We need to show that Assumptions B0-B1 can be
inferred from A0-A3. First, note that by assuming β1 = β,
Assumption B0 can be immediately verified from Eq. (10).
Also, if Assumption A3 holds, i.e., Θi ∩ κ 6= ∅, by using
the fact that barycentric coordinates sum to one due to the
convexity we can write
X
X
pij (k) = 1 −
bim (k).
(17)
j∈Θi (k)∩Ω

m∈Θi (k)∩κ

The right hand side of Eq. (17) is maximized when there is
only one anchor among the neighbors of the updating node,
and the minimum weight is assigned to this anchor, Eq. (12).
This provides an upper bound on the i-th row sum of Pk :
X
pij (k) ≤ 1 − α < 1,
(18)

A. Minimum contribution
If an agent is located close to the boundaries of a convex
hull, noise on distance measurements may lead to false inclusion test results. To address this issue, we make the following
assumption:
M1: For any agent, j ∈ Ω, involved in an update, we assume
0 < α0 ≤ (Pk )i,j ,

∀k, i ∈ Ω, j ∈ Θi (k) ∩ Ω,

(21)

where i is the updating agent’s index, and α0 is the minimum
contribution of a neighboring agent. Assumption M1 states
that, agent i does not perform an update unless it is located
in a proper position inside a convex hull.
B. Inclusion test error
Noise on the motion may as well lead to inaccurate inclusion
test results and imperfect location updates at each iteration.
To tackle this problem, we propose the following modification
to the algorithm:
M2: If the inclusion test is passed at time k by a triangulation set, Θi (k), agent i performs an update only if
P
j∈Θi (k) AΘi (k)∪{i}\j − AΘi (k)
i
< ,
(22)
k =
AΘi (k)
where ik is the relative inclusion test error at time k for
agent i, and  is a design parameter.

j∈Θi (k)∩Ω

which in turn satisfies Assumption B1 by choosing β2 = 1−α.
Subsequently, each slice is completed after all rows of Pk
become strictly sub-stochastic, i.e., all nodes receive anchor
information either directly or indirectly, and the asymptotic
convergence of Eq. (11) (to zero) follows under the condition,
Eq. (16), in Theorem 1.
We now provide our main result in the following theorem.
Theorem 2. Consider a network of N mobile agents moving
randomly in a bounded region of interest in presence of M ≥ 1
anchor(s). Under Assumptions A0-A3, Eq. (11) asymptotically
converges to the true agent locations if the condition in
Theorem 1 holds.
Proof. The following updates give the true agent locations:
x∗k+1

=

Pk x∗k

ek+1 .
+ Bk uk + x

(19)

By subtracting Eq. (11) from Eq. (19) we can find the error
dynamics as follows
ek+1 , x∗k+1 − xk+1 = Pk (x∗k − xk ) = Pk ek ,
(20)
Qk
which converges to zero if limk→∞ l=0 Pl = 0N ×N , which
is in turn followed from Lemma 1 under Assumptions A0-A3,
and completes the proof.
V. E FFECTS OF NOISE
As we will show in Section VI, imperfect measurements
degrade the performance of the localization algorithm. In this
section, we provide modifications to the proposed algorithm
bik ,
to deal with the undesirable effects of noise on motion, x
ij
b
and on the distance measurements, dk .

C. Convexity
Finally, we make the following assumption to guarantee the
convexity in the updates in the presence of noise:
M3: Suppose the inclusion test is passed at time k by a triangulation set, Θi (k), and Eq. (22) holds. Agent i (randomly)
picks one of the neighbors in the triangulation set Θi (k), say
agent j, and finds the corresponding weight, aij
k , as follows:
X
aij (k) = 1 −
ain (k)
(23)
n∈Θi (k)

assuming that

P

n∈Θi (k)

ain (k) < 1.

VI. S IMULATIONS
In this section, we provide the simulation results to illustrate
the localization algorithm introduced in Section III. We first
consider a network of 5 mobile agents, and 1 anchor. We
emphasize that our algorithm works if the anchors are mobile,
but in this simulation we consider one anchor in a fixed
location. In the beginning, all agents are randomly deployed
within a restricted region, which is a 20 × 20 square. We set
the communication radius to r = 2. All agents are initially
assigned with random location estimates. If an agent finds
at least 3 neighbors, it performs the convex hull inclusion
test. If the test fails the agent does not perform any update,
otherwise it updates its location estimate according to Eq. (8).
We set αk = 0.2 to ensure that the agents do not completely
forget the past information, and α = 0.1 to guarantee a
minimum contribution from the anchor when it is involved
in an update. Fig. 2 (Left) shows the motion model, i.e., the
random trajectories of N = 5 mobile agents for the first 20
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Fig. 2. (Left) Motion model; (Right) Convergence; Red triangle indicate an
anchor, and the filled circles show the initial positions of the agents.

iterations. To characterize the convergence, we choose the
second norm of the error vector, ek . The algorithm converges
to the true agent locations as kek k2 → 0. It can be seen in
Fig. 2 (Right) that the localization algorithm, tracks the true
agent locations.
To illustrate the effect of noise on our localization algorithm,
we consider the noise on the motion of agent i ∈ Ω at
time k, nik , to be ±1% of the magnitude of the motion
eik , and the noise on distance measurements, rkij
vector, x
to be ±10% of the actual distance between agent i and
node j, dij
k . As shown in Fig. 3 (Left) this amount of noise
leads to an unbounded error on location estimates. However,
it can be seen in Fig. 3 (Right) that by applying the modifications, M1-M3 (with  = 20% and α0 = α = 0.1), to the
algorithm, the normalized localization error is reduced to less
than 5% for 25 Monte Carlo simulations.
10 Agents, 1 Anchor

10 Agents, 1 Anchor, 25 Monte Carlo simulations
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3

kek k2

2.5
2
1.5

0.6

0.4

1

0.2
0.5
0

0

200

400

600

k→

800

1000

0

0

1000

2000

3000

k→

Fig. 3. Effect of noise on the convergence of a network of 10 mobile agents
and 1 fixed anchor with ±%10 noise on distance measurements and ±%1
noise on the motion; (Left) Original algorithm; (Right) Modified algorithm.

VII. C ONCLUSIONS
In this paper, we provide a distributed algorithm to track
a network of mobile agents moving in a bounded region of
interest. Assuming that each agent knows a noisy version of
its motion and its distance to the nodes in its communication
radius, we provide a linear algorithm, which requires at least
one anchor to locate an arbitrary number of mobile agents
in Rm . The agents update their location estimates as a convex
combination of the their m+1 neighbors if they lie inside their
convex hull. We abstract the algorithm as an LTV system, and
show that it converges to the true agent locations under some
mild regularity conditions on update weights. We study the
impact of noise on the algorithm and provide modifications to
counter the undesirable effects of noise.
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